We show that projective unitary groups, or more generally, central quotients of products of unitary groups are totally N -determined when considered as p-compact groups at odd primes p.
where X is another p-compact group with isomorphic maximal torus normalizer j : N -X , might be closed by an isomorphism of p-compact groups X -X . This essentially means that X is determined by its maximal torus normalizer in the sense that any other p-compact group with isomorphic maximal torus normalizer is actually isomorphic to X.
For a p-compact group X we denote Out X the group of homotopy classes of self homotopy equivalences of BX. Restriction to the maximal torus normalizer j : N -X induces a homomorphism Out(X) -Out(N ) (see [15] ).
Definition 1·2. A p-compact group X with maximal torus normalizer j : N -X has N -determined automorphisms if Out(X) -Out(N ) is injective. A p-compact group is totally N -determined if it is N -determined and has N -determined automorphisms.
Conjecturally all p-compact groups are totally N -determined at odd primes. Known cases include torsion free p-compact groups, p odd [4, 17] . Notice that there exist easy counterexamples at the prime two. For instance, O (2) and P U (2) are non isomorphic compact Lie groups or 2-compact groups but they have isomorphic maximal torus normalizer.
The aim of this paper is to show that the projective unitary groups P U(n) considered as p-compact groups are N -determined at odd primes, so completing partial results that have appeared in [2, 14, 22] . Actually, this is to say that they are totally N -determined because all compact connected Lie groups have N -determined automorphisms according to results of Jackowski, McClure and Oliver [12] .
Theorem 1·3. The p-compact group P U(n)
∧ p is totally N -determined for any odd prime p.
Corollary 1·4. Let G be a central quotient of a direct product of a finite number of unitary groups, then G ∧ p is totally N -determined for any odd prime p.
Our method is mainly based on work of Møller [15, 16] that is combined with the idea of [2] of using the Bockstein spectral sequence in order to determine the fundamental group of an adjoint form. In Section 2 we review the theory of preferred lifts due to Møller that provide some geometrical technical conditions on a compact connected Lie group for its mod p cohomology ring to be determined by the maximal torus normalizer (Proposition 2·4). Then it is shown in Theorem 2·7 that under such conditions G ∧ p is N -determined if its universal coverG ∧ p is N -determined. This result might be understood as reciprocal to [15, proposition 6·6] . The technical conditions we have referred to concern the rank one and rank two elementary abelian p-subgroups. In Section 3 we determine the different conjugacy classes of rank one and rank two elementary abelian p-subgroups of P U(n) and its centralizers. We prove Theorem 1·3 and Corollary 1·4 in Section 4.
N -determinism
The concept of N -determinism has been developed by Møller in [15] . We first review some general results.
Proposition 2·1 (Møller) . Let p be an odd prime and X a p-compact group.
In view of results of Dwyer-Wilkerson [7] and Notbohm [18] it is easy to conclude that products of N -determined connected p-compact groups are N -determined.
Proposition 2·2. Let p be an odd prime. If X and Y are connected and N -determined p-compact groups, then X × Y is also N-determined.
The rest of this section reviews some of the tools involved in these results and shows that under certain technical conditions a converse of Proposition 2·1(2) holds.
One main tool in the development of p-compact group theory has been the existence of various homology decompositions. One of those, due to Jackowski and McClure [11] is indexed on the Quillen category. The Quillen category of a group G at a prime p, namely A p (G), is defined as the category whose objects are pairs (V, α) ∈ A b × Mono(V, G) such that V is a non-trivial elementary abelian p-group, and with morphisms Mor Ap (G) ((V 1 , α 1 ), (V 2 , α 2 )), the set of group homomorphisms f :
We will simply denote by α an object (V, α) of the Quillen category. The group of automorphisms in the Quillen category of an object α is denoted Aut Ap (G) (α).
Let X be a p-compact group and j : N -X its maximal torus normalizer. An
And any
denotes the Weyl group of X. Definition 2·3. In the above situation, µ is a preferred lift of ν if the homomorphism C N (µ) -C X (ν) is the inclusion of a maximal torus. If in addition, π 0 (µ) has nontrivial kernel of maximal order, we say that µ is a special preferred lift of ν.
In [15, 16] it is proved that special preferred lifts exist for every elementary abelian p-subgroup.
We will be interested in the case of rank one and two elementary abelian psubgroups, E 1 and E 2 , respectively. In fact, centralizers of rank two elementary abelian p-groups detect the mod p cohomology (cf. [20] 
Proof. Let A p (X) r denote the full subcategory of A p (X) generated by all the objects of rank r. According to Oliver's cochain complex [20] , H * (BX) is determined by the functor
Using special preferred lifts, we shall construct a functor Φ : A p (X) 2 -A p (X ) 2 , and a natural isomorphism of functors 2 be the functor defined as:
where µ is any preferred lift of ν. According to the first assumption of the proposition, the object Φ(V, ν) is well defined.
According to [16, 4·9] , there exists a special preferred lift µ 2 of ν 2 such that µ 2 α is a preferred lift of
, and Φ(α) = α is well defined. Let now
denote the isomorphism under C N (µ) where µ is any special preferred lift of ν. According to the second assumption of the lemma, f (ν) does not depend on the choice made. In particular, for any rank two object (V, ν) of A p (X), and any rank one subgroup
of conjugacy classes of p-compact groups morphisms, where ν = Φ(ν). This implies that we have another commutative diagram
where δ X (ν) and δ X (ν ) are coboundary operators in Oliver's cochain complex, and St V is the Steinberg representation of GL(V ). Since any rank two object of
is in the image of Φ, the vertical isomorphism on the left restricts to an isomorphism Since the restriction to the normalizer is always a monomorphism in mod p cohomology, we have in particular that BX and BX have isomorphic mod p cohomology as algebras over the Steenrod algebra. We are now interested in conditions under which some other invariants of X and X are forced to coincide. The idea is to use the Bockstein spectral sequence in order to characterize the fundamental group.
We will first show how the fundamental group of compact connected Lie group G, π 1 (G) % H 2 (BG, Z) is hidden in the homology of its maximal torus normalizer.
Proposition 2·5. Let G be a compact connected Lie group with Weyl group W and maximal torus normalizer N . There are isomorphisms
(
induced by the usual maps BN -BG and BN -BW .
Proof. We analyze the homology Serre spectral sequence for the fibration
with integral coefficients in low degrees. One observes that
and there is an exact sequence of abelian groups
where d is the differential in the E 3 page of the spectral sequence. The mapĵ * is the factorization of the natural map
Notice that j * factors through H * (BG; Z), too. In fact, if
denotes the transfer map in homology, according to [3] or [9, example IV·4]) there is a diagram
In degree two, both j * and j 1 * factor through L W % H 0 (W, L) and
is an epimorphism [8, lemma 9·3] . It follows that
factors as an epimorphism followed by a monomorphism
and we obtain a split exact sequence of abelian groups
where the section of τ * is j 2 * hence there exists an isomorphism
naturally induced by the maps j 2 : BN -BG and the projection BN -BW .
The information about π 1 (G 
satisfying β (ki ) x i = y i for i = 1, . . . , r and β (l) (x j ) = 0 for j > r, l > 0.
We first show that these same factors and operations occur in H * (BN ; F p ) . Actually the Bockstein spectral sequence for BN in low dimension turns out to be the sum of that of BG and W .
In fact, according to Proposition 2·5 and the Universal Coefficients formula, there are isomorphims
and
and monomorphism
Hence the image of Bi * in H * (BN ; F p ) contains the factors of equations (1) and (2) and reflects the same higher order Bockstein operations (3) as they occur in H * (BG; F p ), while the other factors are affected by the same higher order Bocksteins as they are in H * (W ; F p ) from dimension one to two, and from two to three. Let us turn now our attention to the map
Since the image coincides with that of Bi * and this carries all the information about higher order Bockstein relations between two and three dimensional classes, by naturality, this same higher Bockstein relations are reproduced in H * (BX; F p ) and this means, according to Lemma 2·6 that there is a map BX -
detecting the mentioned classes of dimension two and three. In particular,
The same argument applies to BN , hence there is also a map
that by naturality will make the following diagram homotopy commutative
This shows that the universal covers of G ∧ p and X have isomorphic maximal torus normalizer.
Theorem 2·8. Let G be a connected and compact Lie group such that : (1) the centralizer in G of any rank one or two elementary abelian p-subgroup is a totally N -determined p-compact group; (2) there exists at most one conjugacy class
ν : E 2 -G of non-toral elementary abelian p-subgroups of G of rank two, moreover C G (ν) = E 2 × K where K ∧ p
is a center free completely reducible p-compact group; and (3) the automorphism group of ν in the Quillen category of G, Aut Ap (G) (ν), acts transitively on the set of lines of E 2 , and any group morphism Aut
Proof. Let j: N -G ∧ p be the maximal torus normalizer of G ∧ p , and let X be another p-compact group with isomorphic maximal torus normalizer j : N -X .
Let µ : E 2 -N be a monomorphism, then µ is a special preferred lift of jµ if and only if µ is a preferred lift of j µ [15, lemma 7·13] . Moreover, any non-toral rank two object (E 2 , jµ) or (E 2 , j µ) has exactly p + 1 special preferred lifts indexed by the set of nontrivial proper subgroups of E 2 [15, proposition 6·2] . Therefore both G ∧ p and X have just one conjugacy class of rank two nontoral elementary abelian p-subgroups, and hypothesis (1) in Proposition 2·4 holds. Moreover, as Aut Ap (G) (ν) acts transitively on the set of lines of E 2 , all the other p + 1 special preferred lifts of ν = jµ or j µ can be written as µα where α ∈ Aut Ap (G) (ν). Now, let f (µ) :
by hypothesis (3)), and according to [13, corollary 5·3] f (µα) = f (µ), and f (µ) does not depend on the choice of µ (hypothesis (2) in Proposition 2·4). Then the proof follows by Propositions 2·4 and 2·7.
Centralizers of elementary abelian p-subgroups of P U(n)
Let π : U (n) → P U(n) be the standard projection and V ⊂ P U(n) be an elementary abelian p-subgroup of P U(n). Naturally we have the following commutative
where the elementsv 1 , . . . ,v r will not commute with each other and will not define a section to the extension, however they will be, together with the central S 1 of U (n), a system of generators for π −1 (V ).
p , and all of them together
with Ker(l) = C U (n) (π −1 (V )). Notice also that
Therefore, a strategy for calculating C P U(n) (V ), being V ⊂ P U(n) an elementary abelian p-subgroup would be to calculate first C U (n) (π −1 (V )) using available information about C U (n) (v i ) for i = 1, . . . , r, and then to analyze the behavior of the homomorphism l in (4). We will proceed accordingly.
is conjugated to one of the following Lie groups:
Proof. Let v be generator of V and letv be an element of U (n) such thatv p = 1 and π(v) = v. Existence of such an element has been shown above. Now, up to conjugacy, v is a diagonal matrix consisting of k diagonal boxesv = Diag(ζ r1 I n1 , . . . , ζ r k I n k ) where I ni is the identity matrix of U (n i ) and
Here, we can assume that k 2 because k = 1 would mean that v is central and then π(v) = 1. Now, we have to consider two different cases according to whether or not l is trivial. If l is the trivial homomorphism, then C U (n) (v) = π −1 C P U(n) (V ) and C P U(n) (V ) is conjugated to Λ 1 in the lemma. If l is non-trivial, then we have to classify the extension
Take an element
Since the matrix x is non-singular, for each r j there should be an r i with r j + l(x) = r i ; that is, adding l(x) is a bijection of the set {r 1 , . . . , r k }, hence k = p, r 1 = 1, . . . , r p = p and addition with l(x) is a cyclic permutation of these elements.
In particular,v is conjugated to the diagonal matrix
where I is the identity matrix in U (m) and n = pm. Moreover, the matrix
where σ is the cycle (1, 2, . . . , p) ∈ Σ p , provides a section of the extension (5). Therefore 
, similar arguments to those above give rise to the exact sequence
l 1 that it is equally defined on π −1 (C P U(n) (V )) can be restricted to C π −1 (CP U (n ) (v1)) (v 2 ) and we will have another exact sequence
Those fit together with the map of equation (4) to give the following commutative diagram
Thus, we can use Lemma 3·1 to identify π −1 (C P U(n) (v 1 )), and proceed to calculate C P U(n) (V ).
Lemma 3·3. Let V = Z/p ⊕ Z/p be a subgroup of P U(n), then C P U(n) (V ) is conjugated to one of the following Lie groups:
where the inclusion of S 1 is diagonal and U (0) = 1.
Proof. Let V = Z/p ⊕ Z/p be a subgroup of P U(n). Let v 1 and v 2 be generators of V , and letv 1 andv 2 be respective lifts to π −1 (V ) ⊂ U (n), of order p. As we show above, all we have to do is to check the possibilities for π −1 (C P U(n) (v 1 )) and
, and analyze the map l 2 . According to Lemma 3·1 we only have to consider two cases, up to conjugacy, namely C P U(n) (v 1 ) is either Λ 1 or Λ 2 .
. Thenv 2 is (up to conjugacy) a diagonal matrix Diag(x 1 , . . . , x k ) , where x i ∈ U (n i ) is a diagonal element of order p. Therefore
where qi j=1 n i,j = n i , and we have to consider two possibilities: The homomorphism l 2 is trivial. In this case
and C P U(n) (V ) is of the form Υ 1 .
The homomorphism l 2 is non-trivial. An argument similar to that of Lemma 3·1 im-
We keep 2 k p and the action of Z/p permutes cyclically the p factors of each block (U (m i ) × · · · × U (m i )). Hence after a reordering of factors, C P U(n) (V ) is of the form Υ 2 .
According to Corollary 3·2 we can assume thatv 1 = A, and we will have two possibilities forv 2 , eitherv 2 
The case (a) was studied above and will lead to Υ 1 or Υ 2 according to whether or not l 2 is trivial. Again, in case (b), if the homomorphism l 2 is trivial,
is a group of the form Υ 2 .
Finally, if in the case (b) the homomorphism l 2 is non-trivial, we can find again a section for l 2 and show that
where the action of the second copy of Z/p permutes the factors of each copy of Π p j=1 U (m). We have therefore the groups Υ 3 .
. Now,v 2 is up to conjugacy g · B where g is a diagonal matrix Diag(g 1 , . . . , g p ), with g i ∈ U (m) a diagonal element of order p and B as defined in the proof of Lemma 3·1. Now, A^∆U (m) × Z/p, but A ∈ π −1 (C P U(n) (V )), thus l 2 is surjective and A generates a section, that is, the sequence
is exact. But this sequence is not split, as the generators of the sections of l 1 and l 2 (B and A respectively) do not commute (AB = BAζ). Nevertheless, these generators does commute when considering their classes in P U(n), and therefore the exact sequence
is split. Since the splitting is induced by the inclusion V ⊂ Z(C P U(n) (V )), P U(m) commutes with V and C P U(n) (V ) = P U(m) × V , that is the group Υ 4 .
Corollary 3·4. The subgroup W 2 ⊂ P U(n) generated by the classes represented by the matrices A and B (defined in the proof of Lemma 3·1) is, up to conjugacy, the only non-toral elementary abelian p-subgroup of rank two in P U(n). In particular this can only occur if n = mp, and C P U(n) (W 2 ) = W 2 × P U(m).
Proof of Theorem 1·3 and Corollary 1·4
The proof is done by induction on n. Assume the result holds for r < n, now we show that P U(n) meets the conditions of Theorem 2·8.
According to Lemmas 3·1 and 3·3, the centralizer in P U(n) of any rank one or two elementary abelian p-subgroup is a central quotient of a finite number of unitary groups of rank less that n. By the induction hypothesis those centralizers are totally N -determined, hence condition (1) in Theorem 2·8 holds.
By Corollary 3·4 there is at most one conjugacy class of non-toral elementary abelian p-subgroups of rank two in P U(n). This class occurs when n = mp in which case is represented by the group W 2 generated by the elements [A] and [B] of P U(n), and C P U(n) (W 2 ) = W 2 × P U(m). Hence condition (2) in Theorem 2·8 holds.
